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Propagation Properties of Ferromagnetic
| Insular Guide

JIQING XIA, STUDENT MEMBER, IEEE, PETER P. TOULIOS, MEMBER, IEEE,
AND CARMINE VITTORIA, SENIOR MEMBER, TEEE

Abstract —In order to realize new ferrite planar devices for applications
at millimeter-wavelength frequencies, we have considered in our develop-
ment of nonreciprocal ferrite devices schemes of incorporating ferromag-
netic layers in dielectric insular guide geometries. Our research program
involves both the calculation and the measurement of device characteris-
tics. For the calculational part a method of effective permeability is
introduced to characterize the ferrite material in which the permeability is
a tensor. The propagation properties of the insular guide were calculated
by using a single-mode approach. Our calculational results of dispersion,
dielectric, and conductivity losses show resonant behavior with the applica-
tion of a magnetic bias field for a guide configuration in which the ferrite
replaces the insular dielectric. Ferrite phase shifters, filters, isolators, and
circulators are potential applications of this guide configuration. For the
experimental part wave dispersion and attenuation were measured in a
purely dielectric insular guide from 26.5 to 40 GHz. In addition to these
experiments wave attenuation was measured as a function of magnetic bias
fields for the case where a hexagonal ferrite platelet was mounted on the
ground plane near the insular guide. General agreement is found between
calculations and measured attenuation.

I. INTRODUCTION

"ILLIMETER-WAVE systems have wide applica-

tions in radar, communications, radiometry, and
instrumentation. Presently dielectric waveguides and mi-
crostrip lines are available for millimeter-wave integrated
circuit applications, and these structures are reciprocal.
For many applications at high frequencies there is a need
for nonreciprocal ferrite devices. In order to design new
devices with a nonreciprocal property or frequency selec-
tivity, such as isolators, filters, and directional couplers,
new guide structures as well as new ferrite materials are
needed to meet the device development requirements. In
this research project, a hexagonal ferrite material has been
chosen as a potential candidate for new magnetic materials
operational at high frequencies. In particular the hexago-
nal ferrite layer is incorporated in the dielectric insular
guide structure. We find that this guide structure offers an
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ideal structure for the incorporation of ferrite layers and
slabs, for example.

Dielectric insulated image guide (insular guide), Fig.
1(a), is one of many planar devices developed for millime-
ter-wave integrated circuits. The main advantage of this
particular guide configuration over other image guide
structures is that it reduces conductivity propagation losses,
since the wave propagates mostly in the dielectric guide
“insulated” from the conducting plane (see Fig. 1(a)). In
addition to conductivity losses there are dielectric and
radiation losses. Radiation losses are usually minimal if
there are no sharp bends in the guide structure or if
propagation of electromagnetic waves in the fundamental
mode is assumed in the guide.

Dielectric losses scale nearly linearly with frequency so
that low-loss tangent materials are desirable in the “in-
sulated” dielectric. In considering a practical guide struc-
ture we believe that the insular dielectric guide is ideal for
reducing conductivity propagation losses but not the di-
electric losses. Although the insular guide geometry in-
volves higher fabrication cost over a single dielectric guide,
the advantages of this guide far outweigh the disadvan-
tages. For example, this geometry allows for the inclusion
of ferrite slabs in the insular region where the microwave
magnetic field is a maximum. This means that maximum
coupling is possible between the ferrite and the device.
Throughout our theoretical development an insulating fer-
romagnetic layer with low loss tangent is assumed. Thus,
when applying a dc magnetic field to this structure, ferro-
magnetic resonance will occur in the layer. Hence, fre-
quency selectivity is possible in the ferrite device.

The propagation properties of dielectric image guide
have been calculated in our previous work {1}. There are
now exact and approximate solutions of propagation char-
acteristics in dielectric image guides. Exact solutions re-
quire significant computation time and are impractical in
engineering design considerations. There are various meth-
ods used to approximate wave propagation characteristics
in dielectric image guides [2]-[9]. Among these approxi-
mate methods the single-mode approach is a relatively
simple method with good accuracy in comparison to the
so-called exact method [4].

Previous calculations involving ferrite materials include
slot devices with magnetic substrates. These devices have
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Fig. 1. (a) Geometrical configurations of insular image guide. (b) Ferro-
magnetic insular guide, where the insulating dielectric layer of the
insular guide is replaced by a ferromagnetic layer. The magnetic field is
applied normal to the ground plane.

been analyzed by using a full-wave analysis based on a
Green’s function [10]. To provide a simple and direct
solution of wave propagation characteristics in a ferrite
insular guide, we introduce an effective permeability
method in the analysis. Using a previous calculational
approach [1], phase propagation, attenuation, and other
propagation characteristics have been calculated for the
ferrite insular guide geometry shown in Fig. 1(b). We find
that it may be possible to magnetically bias the ferrite
layer to ferromagnetic resonance (FMR) and still maintain
wave propagation in the E7 fundamental mode. Naturally,
propagtion losses are maximum at FMR (6 dB/cm). In
addition to magnetic losses we find that dielectric losses
scale linearly with frequency at high frequencies. This
result is remarkable in view of the fact that there is more
than one layer in the insular guide structure. A linear
dependence of dielectric losses has been calculated before
for single-layer guiding structures only.

We have tested an insular guided structure in which a
single-crystal hexagonal ferrite material is placed on the
ground plane next to the insular layer. The coupling is
maximized when the ferrite platelet is placed on the ground
plane in physical contact with the insular guide. Minimum
coupling is realized when the ferrite is placed on top of the
guide structure since the microwave magnetic field is also
minimum there. In summary, we believe that these results
will form the theoretical basis for the development of new
ferrite insular image guide devices, such as phase shifters,
modulators, isolators, narrow-band filters, and nonrecipro-
cal couplers at millimeter-wave frequencies.

In Section II, the effective permeability method is dis-
cussed and used as the fundamental theory to characterize
the propagation properties of the ferrite insular guide.
Another fundamental method in this analysis, the single-
mode method, is discussed in Section III. Section IV
presents the calculation results of both ferromagnetic insu-
lar guide and dielectric insular guide. Fxperimental results
are shown and discussed in Section V.
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II. EFFECTIVE PERMEABILITY OF
FERROMAGNETIC MATERIAL

A ferrite insular guide (FIG) is a novel device in which a
ferromagnetic layer replaces the insulating dielectric of an
insular guide. Strictly speaking, a ferrimagnetic material
will do just as well. Fig. 1(b) shows the cross section of this
guide structure.

In a ferromagnetic material, Maxwell’s equations may
be written in the time harmonic forms

V Xe=— jopyl-h

1)
(2)
(3)

V- (pofi-h) =0 (4)

where & and % are the electric and magnetic field intensi-
ties, respectively; w=2xf; f is the frequency; p is the
relative permeability tensor of the ferrite; € is the relative
permittivity of the material; and p, and €, are the corre-
sponding values for p and e in free space.

As in previous approximate methods of solution there
are two fundamental modes of propagation in a rectangu-
lar dielectric image guide: E¥ and E* modes. Throughout
this paper we will assume an E¥ mode of propagation in
the structure, which implies

vV Xh= Jjwegee

v-e=0

h,=0. (5)
The [ is defined as
”Xx - j"LXZ
[kl=] 0o 1 o (6)

ik, 0 p,

where u, ., u.. p., and p_, are the matrix elements,
which can be obtained from the equation of motion for
magnetization using Gilbert’s damping term, for example.

For the case of an applied magnetic field normal to the
plane of a ferromagnetic layer and along the y axis we
write

| AmMa/f+ JATMAfAL/2f3
1= (f/£,)’+ JfAf/ 13

_ 4WMsz/f02
1= (f/fo) + JfAL/ 13

(7)

Moy =M=

(8)

“xi.':”.l'x

where f is the microwave frequency, f, is the FMR
frequency, Af is the FMR frequency line width, and vy is
the gyromagnetic ratio of the ferrite. In most oxide ferrites
y=2.8 MHZ/Oe. The quantity 47M, is the saturation
magnetization [11].

We assume that the ferrite is hexagonal in crystal struc-
ture with the C axis perpendicular to the ferrite layer
plane. When a dc magnetic field is applied parallel to the
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C axis, the FMR condition can be derived by minimizing
the free energy of the ferrite material. The following is the
FMR condition for single-domain excitation:

fo
= =H, +H,—41M,,

9)
y
Here H, is the anisotropy field, and H| is the external dc
magnetic field parallel to the C axis. Equation (9) is valid
for external fields greater than 47M.

From (9) one can see that the resonant frequency f, is
determined by the external magnetic field H|. This means
that the resonant frequency can be tuned by changing the
external magnetic field. In the case of electromagnets, the
resonant frequency can be changed simply by adjusting the
driving current in the electromagnets.

For the propagtion of the E” mode, based on the
permeability tensor we have obtained, the propagation
constant can be derived as follows. Combining (1) and (2),
we have

H”>471M.

V(V-h) =V =oleeii-h.

(10)

Expanding [ in terms of its matrix elements we get

ﬁ'ﬁ= (lu‘xxhx—_jnu‘xzhz)ix_‘_(”xxhz+juu‘xzhx)iz' (11)
Substituting (11) into (10), we obtain equations for h, and
h, only:

[wzf"‘O(Oe“‘xx + (kJ% - k2)] hx + [kxkz - j"“xzwz"‘OeOG] hz =0
(12)
[kxkz + j"l‘xzwzp‘OGOG] hx + [wZH.O(Oéf.Lxx + (k22 - kz)] hz =0.
(13)

It is noted that there is no component of 7 in the y
direction. This is a result of our assumption that propaga-
tion occurs in the E” mode. For a nontrivial solution of 4,
and #_, the determinant of the parameter matrix equation
of the above equations is set to zero. Approximating
k,=0 (k}z, < k?), we obtain the following relation:

2 _ 2
_nu‘xx Mz )

k? . WL gE o - (14)

Define

(15)

Mrepr = [p‘i\: - nu‘gcz]/p’xx
as an effective permeability, then

k? = @Mk g fLegt- (16)

Hence, the propagation constant of the ferrite can be
expressed in terms of a simple effective permeability con-
stant. This is the so-called effective permeability method,
which will be used throughout our analysis.

As an example, Fig. 2 shows p as a function of
‘frequency with resonant frequency f; = 60 GHz, 47M ~ 4
kgauss, and Af/y =1 kOe. The values of 47M and Af are
typical of hexagonal ferrite polycrystalline materials.

It is pointed out that if we had chosen the magnetic field
to be applied in the ferrite layer plane, the assumption
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Fig. 2. The effective permeability, p;, is plotted as a function of
frequency. For definition of g, see text.

h, =0 would not be valid. We would have to consider an
admixture of E¥ and E* modes of propagation in our
analysis.

WAVE PROPAGATION IN FERRITE
INSULAR GUIDE

IIIL.

The single-mode method assumes that a single funda-
mental mode, the EY mode, can propagate in the dielectric
waveguide of Fig. 1. Field distributions are assumed in
different regions. These are regions from 1 to 7 in Fig.
1(b). The expressions of the field assumption are included
in the Appendix. For the Ey11 mode, the 2, component is
maximum at the ferrite layer. By matching boundary con-
ditions of electric and magnetic fields at the boundaries of
the dielectric guide (which is region 1 in Fig. 1(b)), the
characteristic equations relating the propagation constants
may be obtained {1], [2], [3], [7].

For E7 modes, the characteristic equation of the trans-
verse propagation constant k, may be determined upon
application of boundary conditions [7], [12], whereby we
require tangential electric and magnetic fields at y =0, &,
and % + b to be continuous across boundaries:

€€,k ok, cosh ( kh ) cos (kyb)
+ €2k ok y sinh (k. ) sin (k ,b)
— ek 2cosh (k,yh)sin(k,b)

+ e,k 1k, sinh (k k) cos(k,b) =0  (17)

where ¢, and e, are the relative dielectric constants of the
insulating layer and the dielectric guide, respectively.

Our calculations are of sufficient generality so that both
gyromagnetic and purely dielectric effects may be calcu-
lated by simply setting p.; #1 and p. =1, respectively.
For the case in which the insular guide is replaced by a
ferrite €, may be written as € pi . Otherwise, p =1, as
shown in Fig. 1(a). Here b and A are the thicknesses of the
guide and the layer next to the conductive plane, respec-
tively (see Fig. 1(b)). In addition, we have

ki1= (e, — € ki — k§

ko= (e;=1)k§— k2.

(18)
(19)
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The characteristic equation of the other transverse propa-
gation constant, k., is again obtained using Marcatili’s
method of calculation [3]:

kxO

tan(k,a) = —

B (20)

X
with

ki0= (‘2_1)k§_ki (21)

where 2a is the width of the dielectric guide.

Interestingly, there is no explicit dependence of k, on
Beg- This is due to the fact that the boundary conditions
for obtaining (21) do not involve fields in the ferrite
material. Only the fields in regions 1, 3, and 5 in Fig. 1(b)
are used (see Fig. 1(b)).

The propagation constant in the propagation direction,
k,, may be obtained after solving (17) and (20) for k, and
k, so that we have

k2 =e,k2— k2 —k? (22)

where ky,=27/A, and A,=c/f, ¢ being the speed of
light in free space. The guide wavelength of the insular
guide is defined as

A, =2m/Re(k,). (23)

This A, describes the spatial period of the propagating
wave inside the guide. The phase velocity of the wave is
determined by the guide wavelength. Since the propagation
constant in the ferrite medium includes an effective perme-
ability which has a resonance near that FMR frequency,
the guide wavelength will also have resonance at the fre-
quency.

By definition, the attenuation due to both dielectrics in
the insular guide may be calculable from

a,=—Im(k,). (24)

We find that for a multiple-dielectric-layer guided struc-
ture it is convenient to define attenuation due to complex
dielectric constants in each layer by (24).

Since there is only one conductive surface, previous
analyses [2] of conductivity propagation losses are appro-
priate to the case considered here. Ferrite layers in the
insular region do not alter the analysis. Hence, we may
define the conductivity loss parameter as before as

a,=W,/2W, (25)

where W, is the loss per unit length along the propagation
direction due to the finite conductivity of the ground
plane:

RS + o0 5
W, = —z—foldsz [|H2+|H,] dx.  (26)

Here R, is the surface impedance of the ground plane [2]:

(27)

H_ and H, are the fields at the y = 0 surface in regions 4,

Rs = ‘*’Po/zf’c °
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6, and 7 (see Fig. 1). W, is the total propagation power [1],
[2]:

1

+ oo + o0 . _A*
W,_/O dyfioo SE X H | dx. (28)

W, and W, are calculated by using the field distribution in
different regions. The formulas are shown in the Ap-
pendix.

The insertion of the ferrite layer affects the fields in
regions 4, 6, and 7 in Fig. 1(b). The resonant behavior of
the p . introduces a resonance into the conductivity and
dielectric losses.

IV. CALCULATIONAL RESULTS

The computational work involved the solutions of the
characteristic equations for the transverse propagation
constants k., and k,, equations (17) and (20). These are
complex transcendental equations, which can have many
roots. Each root of the characteristic equation indicates a
propagating mode in the waveguide. The main source of
difficulty in this calculation is searching for the proper
roots of k_ and ky. To find a solution of a specific mode,
e.g., the fundamental Ey11 mode, one has to properly
choose the initial values of k. and k&, in the iterative
computer procedure that we have used to ensure the right
branch of the root. A graphic searching technique is found
tc be useful in finding the initial values. Plotting the curve
of the equation indicates the rough position of each mode
on the graph. After k. and k, are obtained, the guide
wavelength A, dielectric loss 4> and conductivity loss a,
are calculated using the above definition.

For an insular guide loaded with a ferrite material we
have ¢ #1.

A. Ferromagnetic Insular Guide

For this case one would expect the ferrite material to
couple with the microwave fields in the region where the
magnetic microwave field is maximum. This region is
located in the insulating layer (see Fig. 1(b)). The propaga-
tion properties of a ferromagnetic insular guide have been
calculated using the single-mode method. For this calcula-
tion we chose f, =60 GHz, and p. g is obtained from Fig.
2. Ag/A, is plotted in Fig. 3. This curve is referred to as
the dispersion of the waveguide or the velocity ratio by
certain authors [2]. The quantity A, /A, changes by about
10 percent near f,. This means that at FMR, the guide
wavelength is smaller and then larger than usual and
Ao/A, is clearly tunable by changing the external mag-
netic field. This result implies that the phase of the signal
may be modulated using ferrite materials.

Figs. 4 and 5 show the corresponding dielectric loss and
conductivity loss of the FIG structure. The attenuation
reaches a maximum at frequencies near FMR, since the
guide structure is strongly coupled to the ferrite. The
attenuation near FMR is approximately 20 dB higher than
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assuming the p g of Fig. 2.

usual. The results show a very sharp attenuation peak
which has a possible application for a narrow-band filter.
Although there is a strong interaction between the ferrite
material and the microwave fields in the guide, the funda-
mental mode of propagation is still the E” mode. We
suspect that if the external field is applied parallel to the
ground plane, one could not maintain s ,= 0 as required
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Fig. 6. Measured and calculated dispersions as a function of frequency
for a purely dielectric insular guide (see text for assumed parameters).
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Fig. 7. Dielectric loss constant plotted as a function of frequency for a
purely dielectric insular guide.

for this fundamental mode of propagation. This method of
excitation enhances the ferrite interaction with the device
without affecting the character of the fundamental mode.

B. Dielectric Insular Guide (g = 1)

The dispersion curve of the insular dielectric guide in
Fig. 1(a) is calculated when pu. =1 (shown in Fig. 6).
The parameters €, €,, a, b, and & and the conductivity of
the ground plane, o,, are chosen from a real device fabri-
cated by Epsilon-Lambda (e-—X\) Electronic Corporation
(Geneva, TL) where a = 0.095 cra, b= 0.170 cm, £ =0.015
cm, € =2251— j1X107%), and €, =9.5(1— j1x107%).
The length of the dielectric waveguide is 11.2 cm. The
insular guide operated from 26.5 to 40 GHz. As shown in
Fig. 6, this insular guide has a cutoff frequency at 22 GHz.
The cutoff concept here has the following meaning: k ,, or
k., becomes mainly imaginary, which means that the
power will radiate outside the dielectric guide instead of
propagating inside. This implies that k, becomes mainly
imaginary so that the wave will attenuate along the propa-
gation direction.

Fig. 7 shows the dielectric loss versus frequency. It can
be seen that the dielectric attenuation increases as the



1552

10.0

o2
o
i

60

4.04

e ( 10'3/cm)

20 A

00 T T —r
2'0 40 60 80 100

Frequency (GHz)

Fig. 8. Conductivity loss constant plotted as a function of frequency for
a purely dielectric insular guide.

frequency increases. At high frequencies this relationship is
approximately linear. The conductivity loss is shown as a
function of frequency in Fig. 8. Because of the large
conductivity o, ( =6.17x10°) of the ground plane, a, is
quite small in this case (~1x10'/cm). Thus, for most
practical insular guides, the dielectric loss is the dominant
source of propagation losses. It is clear that all types of
loss are additive so that a FIG structure would never be
able to reduce conductivity or dielectric losses.

It should be pointed out that the single-mode method
used in this calculation is an approximation. For more
complicated structures and more accurate results the exact
method should be used though it will involve significantly
more computational complexities.

V. EXPERIMENTAL RESULTS

Experiments have been performed on the insular guide
from 26.5 to 40 GHz. A simple electric wire probe was
used to measure the standing wave ratio of the insular
guide. The center conductor of a coaxial line was linearly
driven by a micrometer directly over the insular guide.
When translating the electric probe along the dielectric
guide, we were able to measure reliably the voltage or
electric field as a function of the linear displacement of the
probe. This technique is very useful in measuring the
position of the minima and maxima of the signal voltage
for determining the guide wavelength [7].

Results of these measurements are shown in Fig. 6. It
shows that the calculation results are in good agreement
with the experimental results.

However, we have not been able to develop a technique
to separate dielectric loss, conductivity loss, and radiation
loss from each other, although total insertion losses were
measured by conventional techniques (see Fig. 9).

A single-crystal hexagonal ferrite platelet was mounted
on the same insular guide structure tested above. Magnetic
parameters of this hexagonal ferrite platelet were measured
by a vibrating sample magnetometer (VSM) and FMR
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Fig. 9. Output voltage of insular gnide with a hexagonal ferrite platelet

measured as a function of frequency. The minimum in transmission
corresponds to ferrimagnetic resonance of the ferrite.

techniques. In summary the magnetic parameters of this
ferrite were a saturation magnetization 47M, =3 kG, a
uniaxial anisotropy field H,=9.2 kOe, and g=1.9. For
high-frequency applications hexagonal ferrites are pre-
ferred over spinel ferrites, since they require lesser mag-
netic biasing fields in comparison to spinel ferrites. Using
a hexagonal ferrite platelet with C axis normal to the
platelet plane we were able to tune it to FMR with fields
less than 3 kOe and dramatically affect wave propagation
in an insular guide. In some applications where magnetic
losses are to be avoided it may not be necessary to tune the
ferrite to FMR. For a spinel ferrite we would need biasing
fields on the order of 10-15 kOe to tune it to FMR at
26-30 GHz.

Hexagonal ferrite platelets characterized by us were
inserted in the insular guided structure. The platelet was
inserted next to the dielectric guide and on the ground
plane in order to couple to fringing microwave magnetic
fields. The coupling was found to be small if the ferrite
was placed on top of the guide. The external field was
applied normal to the plane of the platelet in order to
maintain the integrity of the fundamental £’ mode of
propagation.

Although this geometry is not identical to that of Fig. 1,
we believe that this geometry is useful in the design of
nonreciprocal directional couplers, filters, circulators, iso-
lators, etc. We applied a dc magnetic field, ranging from 0
to 20 kOe, to the hexagonal ferrite, and absorption reso-
nances in the propagation of power were measured (see
Fig. 9). The resonant frequency was tunable by the exter-
nal magnetic field. This, we believe, supports the notion
that ferromagnetic insular guides can serve as a basis for
new devices with frequency selectivity.

For 0 < H<47M,, we surmise magnetic domains are
nucleated in the hexagonal ferrite. Hence, multidomain
resonances may be possible [13] at low fields. Nevertheless,
the device is operational at high frequencies and at rela-
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Fig. 10. Ferrimagnetic resonance frequency of the ferrite (measured in
Fig. 9) is plotted as a function of bias magnetic field. Curve 3 is the
dispersion of the main or uniform precession of ferrimagnetic reso-
nance (g =1.9). Curves / and 2 are subsidiary resonance modes and
are attributed magnetostatic mode excitations.

tively low fields. As shown in curve (3) of Fig. 10, for
H>4xM, the resonance frequency scales linearly with
frequency, as one would expect for single-domain excita-
tions in ferrites (see (9)). However, there are other reso-
nances in the guide structures (see Fig. 10). We believe that
these subsidiary resonances are magnetostatic mode excita-
tions, since they also scale with frequency and are charac-
terized by integers.

VI. CoNCLUSIONS

A new structure involving hexagonal ferrites and insular
guide is proposed for device applications at millimeter-
wavelength frequencies. An effective permeability method
is used to analyze the propagation properties of the ferrite
insular guide. Dispersion, dielectric loss, and conductivity
loss of both dielectric insular and ferromagnetic insular
guides have been calculated by using the single-mode
approximation. Experimental measurements were per-
formed from 26.5 to 40 GHz on a dielectric insular guide.
A hexagonal ferrite is incorporated in the insular guide for
measuring total insertion losses of the device. General
agreement was found between measured and calculated
values of insertion loss.

The results show that this ferromagnetic insular guide
structure has resonant behavior in its propagation proper-
ties and that the resonant frequency is tunable by the
external magnetic field. For new ferrite device designs this
structure is useful, since the E¥ mode of propagation is
maintained throughout the analysis.

In this paper we have developed a scheme by which
ferrite can be incorporated in dielectric image guides with-
out affecting the purity of the fundamental mode of propa-
gation. We believe that this scheme is practical for two
reasons: (1) The ferrite can be easily incorporated in the
structure or near the guided structure so that fabrication
costs will be minimal; (2) hexagonal ferrites require small
biasing fields, which can readily be attained along with the
permanent magnet materials now available.

APPENDIX
A. Field Distribution Assumptions
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In Fig. 1(b) the RF magnetic field components H, in
different regions are assumed in the following form for an

E” mode of propagation:

M, cos(k,x)cos(k,y+B)
Mzcos(kxx)exp[— kyo(y—h—0)]
Mjexp[ - ko(x— a)] cos(k,y +B)

M,cos(k,x)cos(k,p)
Msexp [k,o(x + a)] cos(k,y + B)
Mgexp [ - k,o(x — a)] cos(k,,»)

Myexp [ko(x +a)] cos(k,»)

where the M ’s are constants.

B. W, and W, Expressions

region 1
region 2
region 3
region 4
region 5
region 6

region 7

The W, integral (26) is calculated in regions 4, 6, and 7:

W,=L+1I,
aR M? sin(2k,a) cos*(k,a)
2 2k.a k.qa

2 k

k.o \*cos?(k
+ x0 Cos ( xa) )
k k. oa

L= aR M} {(&) {1_ _:;in(2kxa) }

2k.a

z

z

|

W, is calculated in regions 1 to 7. Using symmetry,

W,=P,+ P,+2P,+2P,+ P,

abM}? sin(2k,a)
= a7

1
: l1+ — sin(k,b)cos(2k,h+ kb +2/8)]

k,b

y

where

€,k
B= tan—l( 2k y")— k,(h+b)

y

_ 2,Mja { sin (2k,a) ]

27 4k, 2k a
ME[b 1
= T [5 + T sin(k,b)cos(2k h + kb +2B)
_ z,Mah s sin (2k ,h) - sin(2k a)
4 4 2k 2h 2k.a
_zgMZh sin (2k,5h)
¢ 8k, 2kqh |
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The z’s are wave impedances:

=
WeGE K,
2, 12
Zy= ———
wegk,
2_ g2
L ks—k,
g=—
wegk,
2_ 12
6k kyl
Zg=124= ———"
6= 24
week,

M, M,, M, and M, may be expressed in terms of M,.
Since a, involves the ratio of W, and W,, M, does not
show up in the final expression for a,.
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